Local logistic regression for dimension
reduction in classification

Tougeer Ahmad!*, Francois Portier!, and Gilles Stupfler?

L' CREST, Ensai, France. tougeerahmad@ensai.fr, *(Presenting author)

2 Université d’Angers, France.

Outline

This work explores binary classification challenges in
high-dimensional data. It introduces a penalized local lo-
gistic regression for dimension reduction as a crucial so-
lution to mitigate the adverse effects of high-dimensional
feature space.

Introduction

In standard classification problems, when dealing with
high-dimensional data, it is essential to reduce the di-
mensionality of the original predictor space before con-
ducting statistical analysis. A large number of features
can significantly affect statistical analysis tools, leading
to challenges in model interpretability.

Background

let Y € {0,1} and X € R? and let P denote the proba-
bility measure of Y, X. We want to reduce the dimension
of X while still keeping the same information to predict
Y. According to (Cook, 1996), the sufficient dimension
reduction (SDR) follows the condition that

Y L X|PsX,

where Ps = 33" is a projection on span(3), a (possibly)
small dimension subspace of RP. Equivalently, it means
that

PY =1|X)=PY =1|5' X)

Set d = dim(P3). When d = p, then no dimension re-
duction is expected and the previous condition does not

imply.

How model works

LetY € {0, 1} be a binary response variable, with random
covariate X € RP. Suppose that for an x in the support
Sx of X (assumed to have nonempty interior),

() =P(Y = 11X = z) = g(8° X),

for some unknown B € RP*Y d < p and an unknown
measurable function g : RY — [0,1]. When g = gp is
known, the integrated cross entropy-based loss function

~E[Y log(go(b” X)) + (1 — Y) log(1 — go(b” X))]

viewed as a function of b. This naturally suggests the
estimator

1 n
arg min — Y " Y;ilog(go(b" Xi)) + (1 — Vi) log(1 — go(b" X7)).
i=1

beRP*d

For d = 1 and gy = expit, this is just the standard logistic
regression estimator.

However, If 7w is differentiable at x, then the gradient
Vr(x) of m at x satisfies

Vr(x) = BVg(3 x).
As such, Vr(x) € span(8). If moreover 0 < w(x) < 1,
then likewise

Vi(x) = :

m(@)(1 —m(z))
To recover span(/3), it then suffices to estimate enough

gradients of the form V{(z;). Now a Taylor expansion of
p around x yields

m(y) ~ expit(a + b’ (y — x)),
with a = logit(m(x)) and b = Vlogit(w(x)) = V{(z).

This suggests that the logistic can be used to produce an
estimator of V/(x) if it is restricted to data points close
enough to x; to put it differently, one should expect the
local integrated cross-entropy

— E[Y log(expit(a + b' (X — 2)))
+ (1 =Y)log(1 — expit(a + b (X —2)))| X € B(x,¢)]
(1)
to be minimized at a pair (a.(z),b-(x)) ~ (l(z),Vi(z))
as € | 0, where B(x,¢) is the closed Euclidean ball with
radius € in R?.

Vr(x) € span(f) where £ = logit 7.

This is the cornerstone of the methodology we devel-
oped.

Nearest-neighbor penalized local logistic
estimator

= The localization induced upon covariate empirically
using a nearest-neighbor procedure.

» Fix x € RP and let Nig(z) C {1,...,n} be the set
gathering the indices of the k-nearest neighbors X; of
the point z.

The empirical counterpart of the local integrated cross-
entropy is then

1
— = > Ylog(expit(a + b (X; — x)))
kie%@) (2)
+ (1 =Y log(1 — expit(a + b (X; — 2))).
Introducing the LASSO penalty A||b||;, where || - || is

the ¢;—norm on RP, and rescaling, we naturally obtain
a nearest-neighbor, penalized, local logistic estimator as

(), B(x)) = argmax {Ln(a,b) = Alplli} @)
(a,b)eRxRP

with
Lu(a,b) = Y Yilog(expit(a + b' (X; — z)))
ZENk(LU)
+ (1 =Y;)log(1 — expit(a + b' (X; — x))).

Aggregating the directions

The optimization procedure (3) allows to estimate V,¢(x)
which belongs to the central subspace for each x € Sx.

M = /R V(1)) () = Exens[ VLX)V, (X))

To estimate the matrix M, we first generate X* ~ [,

¢ = 1,...,m independently. Second, we compute the
empirical average
'V 1 &5 *\ D/ Vo
M= — 33X ()
i=1

Once this estimator M of M has been calculated, one
can define (B, ..., ,) as the set of eigenvectors of M,

ordered according to their eigenvalues (in decreasing or-
der).

Algorithm

In order to estimate M, we use algorithm 1.

Algorithm 1 Algorithm developed for estimation of M.

1 Input: (X1,Y7),..., (X, Yy) CRPx{0,1}, A >0, ke {l,...,n}
andm € {1,...,n}.

2: Output: Dimension reduction matrix M

3. Draw uniformly a list A}, of m observations among X =
(X1,...,X,) without replacement

4. for each xz € X, do

5. Compute Ni(x), the index of the k nearest neighbors to x
among X'. R

. Compute ay(x) and 8y (x) according to (3)

7. end for.

g Return M = LS° 0 By(@)Bn(x)T.

Synthetic data example

Example 4. \We generated a binary response variable as
Y = sign {1()g(X12)(X22 + X3) + 0.26} .
where X, e ~ N(0, 1). For fixed n = 1000
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Real data appliaction

The real application considers the Hill-Valley (HV) data
set leading to 100 features in total and the binary nature
response variable represents vally=0, hill=1. We apply
our developed knn based cross-validation forward selec-
fion procedure.
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Figure 2. Important dimension selection through cross-validation for LLO(A > 0)

The classification rule Is learned on the training set
through knn classifier. Table 1 provides the assessment
measures results.

Table 1. Misclassification risk, the area under the curve, and computing time of
the models when using knn classifier.

Model Miscl risk AUC Est time

No DR 0481 0.516 148
LLO (A=0) 0429 059/ 0.73
LLO (A >0) 0.126 0.953 0.73

Compression with existing methods

The Misclassification risk in Figure 3 reveals that the proposed
LLO(X > 0) outperforms than existing competitors.
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Figure 3. Misclassification risk for proposed and existing models.

Ongoing work

= Dimension reduction for the tail event (Aghbalou et al.
2024).
m(tlx) =P(Y > t| X =)

where t is a sufficiently large threshold that defines
the tail events
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